Optical tweezers for undergraduates: Theoretical analysis and experiments
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A theoretical treatment of optical tweezers is presented at a level suitable for undergraduates. We
explore the Rayleigh and the geometrical optics regimes with an emphasis on the latter. We discuss
a model for the geometrical optics regime, including spherical aberration effects, and show that the
model can easily be implemented numerically. A comparison of the model with experimental data
yields excellent agreement between theory and experiment. We also briefly discuss a theory of
optical tweezers valid for microspheres of any size. © 2009 American Association of Physics Teachers.

[DOI: 10.1119/1.3138698]

I. INTRODUCTION

A single laser beam focused by a high numerical aperture
microscope objective is able to trap dielectric particles (usu-
ally microspheres) near the lens focus. Such an arrangement
is called optical tweezers' > and has a wide range of appli-
cations in physics and blology Optlcal tweezers have
been used to manipulate and study objects such as micro-
spheres, macromolecules such as DNA and RNA, and even
live cells. A particular characteristic of the technique is the
possibility to trap individual objects, which can then be stud-
ied alone, free from the influence of other objects in the
sample. Some helpful reviews of optical tweezers have been
published recently

In this paper, we present a theoretical treatment of optical
tweezers at a level suitable for undergraduate students. In
Sec. II we discuss the phenomenon qualitatively and show
how a single laser beam can trap a dielectric microsphere.
Next we explore the Rayleigh and the geometrical optics
regimes. The Rayleigh regime is usually valid for beads for
Wthh the radius a is much smaller than the laser wavelength
\.""2° This regime is discussed in detail in Sec. III. The
geometrical optics regime is usually valid for beads for
which the radius a is much larger than the laser
Wavelength.z’ZI We discuss this regime in detail in Sec. IV
and present a theoretical model that includes spherical aber-
ration effects.

Spherical aberration is present in most experimental situ-
ations. To understand this phenomenon, consider Fig. 1(a).
This figure represents a laser beam focused by an oil immer-
sion microscope objective, reaching an imaginary bead (this
setup is frequently used for optical tweezers). This figure is
extremely simplified because we are not considering the
beam refraction at the sample interfaces; a more realistic
representation is shown in Fig. 1(b). The laser beam is re-
fracted when it passes from the glass coverslip to the me-
dium (generally water) in which the beads are located at the
sample chamber. It is not necessary to consider refraction at
the other interfaces because the oil refractive index matches
very closely the glass refractive index.”*** In other words,
spherical aberration arises from the refractive index mis-
match at the glass-water interface of the sample. Observe
that in Fig. 1(a) the laser focus without aberration is a single
point. Nevertheless, the real situation is represented in Fig.
1(b). In fact, spherical aberration degrades the laser focus
and decreases the trapping efficiency. Therefore, it is impor-
tant to include this effect in any theory of optical
tweezers. '
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A bead trapped by optical tweezers behaves like a har-
monic oscillator. When the bead is displaced from its equi-
librium position in the potential well of the tweezers for
small displacements, it experiences a restoring force propor-
tional to the displacement. In addition, the trapped bead ex-
ecutes Brownian motion while trapped in the potential well.
For this reason, this system is sometimes called a Brownian
harmonic oscillator.

In this paper, we calculate the force and the trap stiffness
for optical tweezers in the geometrical optics regime, taking
spherical aberration into account. The results are compared
with experimental data in this reglme ? Geometrical optics
is very useful pedagogically when analyzing optical twee-
zers. In addition, geometrical optics results serve as a guide
for the 1ntr0duct10n of spherical aberration in more realistic
theories.”* To evaluate the force exerted by a laser beam on
a microsphere, we first calculate it for a “single ray” (we
employ this abbreviation for a thin pencil of rays) and then
we sum (integrate) over all rays from the beam, as we dis-
cuss in Sec. IV.

The force exerted by a strongly focused laser beam on a
dielectric microsphere with arbitrary radius and refractive in-
dex was recently derived by Maia Neto and
co-workers?>*#%* within the framework of the Mie-Debye
spherical aberration theory. This theory is the most complete
and realistic theory of optical tweezers and is discuss in Sec.
VII. An important feature of this theory is that it involves no
adjustable parameters, that is, all parameters used to calcu-
late the trap stiffness can be measured, so we can perform an
absolute comparison between theory and experiments.22 2

II. PRELIMINARY ANALYSIS

The development of electromagnetic theory by Maxwell
and others showed that light can transfer momentum to ob-
jects. The resultant force depends on the velocity v in the
medium in which the light travels. For a single ray with
power P,, we can write

P
Fo— (1)
v
with
¢
v=—, (2)
n
where n,, is the refractive index of the medium and c is the

light velocity in vacuum.
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Fig. 1. Spherical aberration in optical tweezers. (a) Idealized situation with-
out spherical aberration. (b) Real situation in most experimental setups. The
focus is degraded due to the laser refraction at the glass-water interface of
the sample, decreasing the trapping efficiency.

To estimate the magnitude of the force exerted by light,
consider a light beam incident perpendicularly on a plane

mirror. Each photon has a momentum hk, where k is the light
wave vector. When reflected, this photon acquires a momen-

tum —ﬁE, and the momentum transferred to the mirror is
Ap=2%ik. Its magnitude can be written as

Ap=2ik=2m? _oE 3)
v v
where E is the photon energy and w is the angular frequency.
The force exerted by a beam with N photons per second
incident on the mirror can then be written using Newton’s
second law as

l dEbeam -2 Pbeam ] (4)
v dt v

F=2

For optical tweezers, the typical power used is of the order
of a few milliwatts, and Eq. (4) predicts a force of the order
of piconewtons (I pN=10""> N). A force with this magni-
tude is extremely small and can be measured more easily
using objects with sizes at the micrometer range (or smaller).

This analysis is related to the reflection of the beam at the
object’s surface. The force that results from this effect is
known as radiation pressure. This force cannot explain opti-
cal trapping because its effect is to push the object in the
direction of the incident beam. To understand how a laser
beam can trap an object, we must consider gradient forces,
which are present when the beam is focused to a certain
point.
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Fig. 2. Two rays (wave vectors k; and k,) from the beam are represented,
refracting at a bead localized below the focus. The rays exert forces F; and
F, when refracted on the bead surface. The resulting gradient force points to
the laser focus.

Gradient forces are related to the beam refraction at the

object’s surface. Because the wave vector k of each ray is
changed during refraction, its momentum is also changed.
Therefore, the object also experiences a momentum change
(in the opposite direction) due to momentum conservation of
the combined system (beam plus object). This fact implies
that a force acts on the object to change its momentum. Fig-
ure 2 depicts this situation and represents two rays from the
beam, refracting at the microsphere’s surface. Ray 1, with
wave vector k;, comes from the central portion of the beam,
which is represented by a Gaussian intensity profile before
the objective (this kind of profile is the standard one used in
optical tweezers). This ray generates a force F; on the mi-
crosphere when refracted. Ray 2, with wave vector k,, comes
from the right hand portion of the beam profile and generates
a force F, on the microsphere. Note that |F,|>|F,| because
the intensity profile has a Gaussian shape. Therefore, the
resulting force points toward the laser focus. These two rays
were used to represent the global effect of all rays from the
beam, coming from the central portion and from the right
hand portion of the intensity profile. Figure 3 depicts another
situation in which the bead is above the objective focus.
Observe that the resulting force also points toward the focus
in this situation. It is easy to see that the resulting force
always points toward the focus for any position of the mi-
crosphere relative to the focus. This qualitative analysis ex-
plains optical trapping.

In real situations we usually have both gradient forces and
radiation pressure because the rays are partially refracted and
partially reflected at the microsphere’s surface. The micro-
sphere remains trapped when the gradient force is the domi-
nant one, which occurs when the beam is highly focused by
the microscope objective. The analysis depicted in Figs. 2
and 3 was performed in the geometrical optics regime. This
regime will be discussed in Sec. IV.

II1. RAYLEIGH REGIME

The treatment presented in this section is usually appro-
priate for small beads. The Rayleigh regime is valid when
the beam phase shift is small when refracted at the bead, or
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Fig. 3. Two rays (wave vectors k; and k,) from the beam are represented,
refracting at a bead localized above the focus. The rays exert forces F and
F, when refracted on the bead surface. The resulting gradient force also
points to the laser focus in this case.

2ka(u—1) <1, (5)

where k is the wave vector in the medium surrounding the
bead, a is the bead radius, and w is the relative refractive
index, u=n,/n,, (n; and n,, are the refractive indices of the
sphere and medium, respectively).

In many experimental setups infrared lasers are used for
optical tweezers. Also, the medium surrounding the beads is
usually water, and the condition x>1 is usually valid.
Therefore, the condition in Eq. (5) can be simplified in most
cases to a <\ (remember that k=27m,,/\). In this regime we
cannot use a geometrical optics analysis, as illustrated in
Figs. 2 and 3.

Because the bead is very small, it can be considered to be
an induced dipole in an approximately uniform electric field
due to the laser.”****" The problem of a dielectric sphere
located in a uniform electric field is solved in many books on
electromagnetic theory.3I The induced dipole moment of the
dielectric sphere can be written as

K-1
a
K+2

p= ’E, (6)

where E is the electric field outside the microsphere and K is
defined as

K=—, (7)
em

where € and ¢, are the electric permittivities of the micro-
sphere and of the medium, respectively.

The electric potential energy of the induced dipole can
then be written as

U=-p-E, (8)
and the force on the bead is
F=-VU=V(5-E). ©))

By using Egs. (6) and (9), we can write
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Fig. 4. An incident ray undergoing multiple internal reflections and refrac-
tions on a bead.

K-1
a
K+2

F= SE2. (10)
Note that this force is proportional to the gradient of the field
intensity, which means that the force points toward the field
region with maximum intensity, that is, the focus. This
simple analysis explains why the beads stay trapped in the
focal region of a convergent beam in the Rayleigh regime.

To conclude this analysis, we calculate the trap stiffness of
the optical tweezers. The x-component of the force is

K-1 ,0E’
x= a—
K+2 ox

) (11)
and the trap stiffness is defined as
IF, K-1 ,(FPE?
K =— =- a\l— | (12)
ox /; K+2 ax° /) ;
eq eq
where 7, is the equilibrium position of the microsphere. We

conclude that, in the Rayleigh regime, the trap stiffness is
proportional to a’.

IV. GEOMETRICAL OPTICS REGIME

The treatment in this section is usually appropriate for
large beads, that is,

2ka(pw—1)> 1. (13)

For typical experimental situations, this condition can be
simplified to a> N\, as discussed in Sec. III. In this situation,
a treatment based on geometrical optics is valid.

We now calculate the force exerted by the laser beam on
the bead in the geometrical optics regime. We first calculate
the force exerted by a single ray on the bead and then inte-
grate this result for the entire beam to obtain the force ex-
erted by the optical tweezers on the bead. We include spheri-
cal aberration effects in this treatment, which are present in
most experimental situations.

A. Force exerted by a single ray

Figure 4 shows a single ray with power dP incident on a

microsphere in the direction z’. We also show some multiple
reflected and refracted rays generated by the incident ray. We
denote by R and T the reflectivity and transmissivity at the
medium-sphere interface, respectively, and by « and S the
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angles of incidence and refraction. Each ray in Fig. 4 is la-
beled with the corresponding power, determined by the num-
ber of reflections and refractions that it undergoes.

The resulting force exerted by the single ray on the bead
was first calculated by Roosen®! and Ashkin.” They obtained
this force by summing the infinite series of multiple reflec-
tions and refractions, which can then be used to determine
the variation in the bead momentum. Therefore, the force can
be calculated by apzplymg Newton’s second law. The result
can be written as

>

dF = %[Re@,)z“ +1m(Q,)$'1dP, (14)

where Z' and y’ are the unit vectors indicated in Fig. 4, and

T2 exp[2i(a - B)]

=1+R 2
Q=1+ Rexp2ia) =T o)

(15)

The expressions for the reflectivity R and transmissivity 7
can be written by taking an average over the two laser po-
larizations, TE and TM (Ref. 31) (assuming no preferential
polarization),

sin(a - B) 1 tan(a — B) |?
Rla.p) = [sm(a+ B)] " 2[tan(a+,8)] (16)
and
T(a,8)=1-R(a,B). (17)

The total force exerted by the optical tweezers is obtained
by integrating Eq. (14) over all rays from the incident laser
beam. To do so and to make quantitative comparisons be-
tween theoretical and experimental results, we need to know
the intensity profile of the laser beam.

B. Intensity profile at the entrance of the objective

The intensity profile at the objective entrance displays the
usual Gaussian shape in most experimental setups. This pro-
file must be measured to determine the beam waist o. Viana
et al**? employed two techniques to measure the beam
waist. The first technique consists of analyzing a digital im-
age of the laser beam with a ruler calibration; the second
technique consists of measuring the intensity profile from the
laser power going through a diaphragm as a function of its
radius.

The measured intensity profile can be fitted to the expres-
sion

1(p) =1 eXP(;), (18)

which determines the beam waist o.

C. Reference frame

We take the origin of the reference frame at the objective
focus, as indicated in Fig. 5. We label a particular incident
ray by its coordinate p before it passes through the objective.
After the objective it is more convenient to label the ray by
the angle 6. Given the intensity profile at the objective en-
trance, the power element dP in Eq. (14) can be calculated
using dP=1(p)dA, where dA is an area element of the objec-
tive and I(p) is given by Eq. (18). In cylindrical coordinates,
we write
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Fig. 5. Coordinate reference frame employed in the calculations.

2

dP =1, exp(%)pdpdgo, (19)

where ¢ is the azimuthal angle. Equation (19) can be written
in terms of the total beam power before the coverslip,

dP = il exp(_—pz>pdpd<p (20)
2ma? 207
with
2T [ _p2
P,:f0 LIOCXI)(F)Pde(P (21)

We use the Abbe sine condition, which is essential to have a
proper description of microscope objectives,29 30

p=fsin 6, (22)

where f is the focal length of the objective, which can be
written as

_ R
I=xa (23)

in which n, is the glass refractive index (objective), R is the
maximum value of p, and NA is the numerical aperture of
the objective.

We substitute Eq. (22) into Eq. (20) and obtain the power
element,

P, (—f2 sin”
X
22 P\ 22

Some rays from the beam do not reach the bead because
they undergo total internal reflection at the glass-medium
interface. Therefore, it is more convenient to rewrite Eq. (24)
in terms of the local power P, reaching the bead. We can
determine this local power by excluding the rays that are
blocked at the entrance of objective, as well as those under-
going total internal reflection at the glass-medium interface.
P, can be written as a function of P, as”

dP = ) 7% sin O cos 6d6de.  (24)
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Fig. 6. Change in variables in the aberration-free case.

0
P,= J f dP = P[ exp( f;; 90)}, (25)

where 6, is the maximum value of 6 corresponding to the ray
that reaches the bead with the maximum deviation from the
incident direction of the beam.

We then write dP as a function of P,

—f>sin® 0
Prexp| = 5

2 :2
27702{1 —exp(%)]

dP = % sin 0 cos 6d0de.

(26)

D. Force exerted by the entire beam

The force on the bead exerted by the entire beam can be
written as

21 0y
= J f dF. (27)
o Jo

As a consequence of the beam refraction at the glass-medium
interface, 6, depends on the distance /. from the center of the
bead to the coverslip surface. Fewer rays reach the bead as &
increases due to spherical aberration. If we set 1~ a, where a
is the bead radius (so that the bead is nearly touching the
coverslip), all rays that pass through the glass-water interface
will reach the bead. Therefore, 6, is the critical angle for the
glass-medium interface in this case. In typical experimental
situations, the medium surrounding the beads is de-ionized
water (n,,=1.343), so that 6,=63.55°.

To carry out the integration in Eq. (27), we perform a
change in variables. Observe that Q, in Eq. (15) depends on
the angles o and B. We write these angles as functions of 6
and ¢. We start with the aberration-free case and then in-
clude spherical aberration effects later.

1. Aberration-free case

Figure 6 shows a bead trapped by an optical tweezer. We
represent the incident direction of a particular ray by the unit
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Fig. 7. Change in variables in the general situation, including spherical
aberration.

vector Z' (cf. Fig. 4). Figure 6 depicts the general situation,
where the sphere center is displaced by 7 from the objective
focus (the origin of the reference frame). We denote by vy the
angle between 7 and the z-axis. The vector d connects the
center of the sphere to the point where the incident ray in-

tersects the sphere, and d=F+a.
From Fig. 6 we can write

d*+a* - r?
a=arccos| ———— (28)
2ad
with
d=\a?- >+ r¥(sin vy sin 6 cos @+ cos y cos 6)
+ r(sin 7y sin 6 cos ¢ + cos y cos 6). (29)

The details are provided in Appendix A. The angle S is given
by
n,, sin a=n, sin B, (30)
where n; is the sphere refractive index.
To complete the change in variables, we write the unit

vectors ' and y’ as functions of 6, ¢, and the other param-
eters introduced in Fig. 6. The results are (see Appendix A)

2" = (- sin 6 cos ¢,—sin sing,— cos 6) (31)
and
X (FXZ
. (Fxz') (32)
R

All the variables are now expressed in terms of the

angles 0 and ¢, allowing the numerical calculation of the
force using Egs. (14) and (27).

2. Introducing spherical aberration

Figure 7 shows the general case, where the rays are re-
fracted at the glass-water interface. Many experimental set-
ups employ an oil immersion objective, with oil between the
objective and the coverslip. There is no need to consider
refraction at the oil-glass interface because the oil refractive
index matches very closely the glass refractive index.2%
Nevertheless, it is important to consider refraction at the
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glass-water interface, as indicated in Fig. 7. This refraction is
related to spherical aberration, as discussed in Sec. L.

When we consider spherical aberration effects, each ray
from the beam reaches the z-axis at a different point (see Fig.
7). Thus, there does not exist a single focal point but a focal
region along the z-axis. To solve this problem, we consider a
particular coordinate frame for each ray. We first write the
force due to each ray relative to its particular coordinate
frame, then we relate the variables in the particular coordi-
nate frame to the variables in the principal coordinate frame.
The origin of each particular coordinate frame is the point
where the associated ray crosses the z-axis. The origin of the
principal coordinate frame is the objective focus, the point to
where all rays would converge in the aberration-free case, as
depicted in Fig. 7.

In Fig. 7 7 and ' are variables in the particular coordi-
nate frame, and 7 and y refer to the principal coordinate

frames. The vector a” (with |c;”|=a) connects the center of
the sphere to the point where the associated ray intersects the

sphere, after refracting at the glass-water interface, and d

=r"+d". The vector b connects the origins of the two sys-
tems. The unit vectors Z' and " are along the incident direc-
tion of the ray before and after the refraction at the coverslip,
respectively. The distance from the sphere center to the cov-
erslip surface is represented by &, and L is the distance along
the x-axis between the point where the particular ray reaches
the coverslip and the z-axis. Finally, 6 and ¢ are the incident
and refraction angles at the glass-water interface, respec-

tively.
For the particular coordinate frame, we can write
d//2 + a2 _ r//2
a=arccos| —————— (33)
2ad
with

d"=a? - ">+ ¥"*(sin ¥’ sin ¢ cos @+ cos ' cos )2
+ 7"(sin 7' sin ¢ cos ¢ +cos Y’ cos ). (34)

The parameters " and 9’ can be written as functions of the
parameters related to the principal coordinate frame (see Ap-
pendix B) as

rcos y—>b

cos Y= ———— (35)
r
and
P =\r*+b>=2rb cos y (36)
with
l):(l—n—coS ¢)(h+rcos v). (37)
n, cos 6

8

The dependence on ¢ can be eliminated using
n, sin =n,, sin ¢. (38)

To complete the solution, we write the unit vectors Z” and y"”
as functions of the known parameters. Following Egs. (31)
and (32), we write

/\Il

= (—sin ¢ cos ¢,— sin ¢ sin @,— cos ¢) (39)

and
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/‘II >< (r >< ZH)
y' = —A (40)
y | " r X ZI/)|

Finally, the force exerted by a single ray on the bead
can be written as

_,

F= ”7 T(6,$)[Re(Q)Z" + Im(Q,)§"dP. (41)

Note that we have included the transmissivity 7(6, ¢) in Eq.
(41) to account for the power loss when the beam passes
through the coverslip.

By using Eq. (41), the force exerted by the entire beam
can be calculated using Eq. (27). To numerically perform the
integration, we write « and S as functions of ¢ using Egs.
(33), (34), and (30). Then, we write ¢ as a function of 6
using Eq. (38) to obtain the total force in the geometrical
optic approximation exerted by the optical tweezers on a
microsphere, considering spherical aberration effects.

V. EXPERIMENTS

To calibrate the optical tweezers to perform quantitative
measurements, we need to measure the trap stiffness «. This
parameter allows us to relate the position of the trapped bead
in the potential well of the tweezers with the force exerted by
the laser on the bead. For sufficiently small displacements,
we have

F,.=- kAx, (42)

where Ax=x-x, is the displacement from the equilibrium
position x.

Similar expressions are valid for the other two directions,
with stiffness «, and «,. Usually x,=x,> k.. 2930 Some au-
thors preferred to write k,= =K, as K to empha51ze that these
two axes are parallel to the coverslip. The stiffness «; is
relevant to bead movements parallel to the coverslip, and «,
is relevant to bead movements perpendicular to the coverslip.

There are several experimental techniques to measure the
trap stiffness of optical tweezers. The classic calibration uses
a fluid chamber to compare the optical force with the force
exerted by the fluid on the bead, which is given by Stokes’
law,

F,=6mnav, (43)

where v is the bead velocity relative to the fluid in the cham-
ber and 7 and a have their usual meanings. When the bead is
near to a chamber wall, as in many experimental
situations,22 23 we should use Faxen’s correction for Stokes’
law,** which takes into account wall-drag effects.

If the bead is in an equilibrium position as the fluid flows,
we can write Foyicq=F,, which allows us to determme K if
we measure Ax and know 7, a, and v. Ghislain et al®® and
Simmons ef al.’ reported measurements using this idea.

Another kind of measurement cons1sts of analyzing the
backscattered light by the trapped bead.’ Recently, Viana et
al.*® developed a light scattering technique to measure the
trap stiffness of optical tweezers. This technique uses a sec-
ond laser (He—Ne) collinear with the trapping laser (an infra-
red one) to study the intensity fluctuations of the backscat-
tered light due to the bead’s Brownian motion. Bead position
fluctuations can be related to the fluctuations of the backscat-
tered intensity, allowing the trap stiffness to be measured,
because the bead position fluctuations increase as the stiff-
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ness decreases.”® This technique was used to measure the
trap stiffness as a function of the bead radius for polystyrene
and oil beads, and the results were compared to the Mie—
Debye spherical aberration theory. 222 The details are de-
scribed in Refs. 22, 23, and 36-39. In this paper, we use the
experimental data reported in Refs. 22 and 23 to compare
with the predictions of our geometrical optics model. Some
alternative techniques for calibrating and measuring with op-
tical tweezers can be found in Refs. 40-42.

VI. RESULTS AND DISCUSSION

The parameters employed in both numerical calculations
and experiments are A=832 nm, P;=4.8*0.2 mW, o
=1.2+0.1 mm, NA=1.4, n,=1.496 (oil beads), n,,=1.343
(de-ionized water), h=a, and 6,=63.55°. Spherical aberra-
tion effects are minimal when the bead is nearly touching the
coverslip.

The parameters P, o, ng, n,, h, and a were measured
using experimental techniques described in Refs. 22, 23, and
36-39. The other parameters were given by the manufactur-
ers.

A. Numerical results
1. Equilibrium position

To determine the trap stiffness «, it is necessary to deter-
mine the equilibrium position 7, of the bead in the potent1al
well of the optlcal tweezers. In equlhbrlum the vector 7 (see
Figs. 6 and 7) is parallel to the z-axis because the only ef-
fective force on the bead is exerted by the laser beam, which
propagates in the z-direction before passing through the ob-
jective (see Fig. 5). The random forces exerted by the me-
dium on the bead average to zero. Therefore, to find the
equ1l1br1um position 7, it is sufficient that F,=0, where F
is the trapping force along the z direction.

To perform the numerical calculations, we use Eq. (27) to
determine the force and its components. The condition F,
=0 can be used to determine 7, (and the angle ).

The numerical results show that 7.4/a is constant for any a
value; that is, the equilibrium position is proportional to the
bead radius in the geometrical optics regime. In the
aberration-free case, we find r.q/a=0.239 and y=m, which
means that the sphere center stays above the objective focus
in this situation. If there is aberration, we find r.q/a=0.032
and y=0; that is, the sphere center stays below the objective
focus. The calculations were repeated for several values of a
to verify that 7y/a is constant. These results show that the
bead stays trapped by the laser beam in the equilibrium po-

sition r eq-

2. Trapping force along the x direction

To evaluate the trapping force along the x direction, we
displace the bead by Ax from its original equilibrium posi-
tion 7. This displacement can be performed numerically by
adding a component to 7y along the x direction: F=7,
+Axx (see Fig. 8).

The numerical results show that the force F, points in the
opposite direction of the vector Axx. Hence, the calculated
equilibrium positions 7, are stable and characterize a poten-
tial well generated by the optical tweezers. We find that F is
proportional to the displacement Ax, that is, «, is a constant.
We conclude that the bead trapped by the optical tweezers is

q
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Fig. 8. Schematic of the method used to calculate F,.

similar to a harmonic oscillator, with a constant stiffness for
small displacements Ax. Figure 9 shows the force F, as a
function of Ax for an oil bead with a=1.0 um, including
spherical aberration.

3. Trap stiffness: Comparison with experimental data

To compare the calculated geometrical optics model with
experimental data, we plot «,/P; as a function of the bead
radius because «, is proportional to the value of P, (the twee—
zers become stlffer if the laser power is increased).” F1g
ure 10 shows the numerical results obtained with the geo-
metrical optics model for a>N. We also include
experimental data from Refs. 22 and 23 to compare with the
numerical results.

Observe that the geometrical optics calculations including
spherical aberration lead to lower stiffness values for each
bead radius compared to the aberration-free situation. This
result was expected because spherical aberration decreases
the trap efficiency, as discussed. Figure 10 shows that the
two curves are very close, indicating that spherical aberration
does not appreciably change the results in the geometrical
optics regime. This fact also occurs for other kmds of micro-
spheres, such as those made of polystyrene,22 because the
aberration is minimal for &~ a, as expected. In addition, the
aberration is weaker for larger beads, such as those employed
in the geometrical optics regime.

0.1 C / 7
0.08 |- . il

0.06 - 7 ]
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0.02 - N -

0 0005 001 0.015 0.02 0.025 0.03 0.035

AX (um)
Fig. 9. Plot of the force versus the displacement along the x direction for an

oil bead with a=1.0 wm, considering spherical aberration. The graph is
linear, which means that the trap stiffness «, is constant.
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Fig. 10. Transverse trap stiffness divided by the local power as a function of
bead radius: experimental data (circles), geometrical optics model consider-
ing spherical aberration (squares), and geometrical optics aberration-free
model (triangles).

Note that the theoretical curves shown in Fig. 10 are hy-
perbolas; that is, the trap stiffness is proportional to 1/a in
the geometrical optics regime. This relation means that geo-
metrical optics predicts an infinite trap stiffness as a—0,
which does not correspond to reality. For a<<\, the geo-
metrical optics treatment fails and we must use the Rayleigh
treatment (see Sec. III) or the Mie-Debye spherical aberra-
tion theory, which is valid for beads of all sizes.”>?

B. Experimental results

We used the light scattering method”>**® and the param-
eters described in Sec. V to determine the tweezers’ trap
stiffness «, using oil beads in water. The results for a >\ are
displayed in Fig. 10. Each point shown in Fig. 10 was deter-
mined by performing an average over results from ten differ-
ent beads of the same radius. The error bars were determined
by calculating the standard error from the mean value for
each point. The agreement between the experimental and the
geometrical optics calculations is quite good in this region
even for a=\. Similar agreement was found for polystyrene
beads in water,” showing that the geometrical optics model
works well. The agreement is better as the radius a increases
(for fixed N\). We conclude that the procedure for calculating
the trap stiffness is reliable in the geometrical optics regime
and can be easily implemented even when incorporating
spherical aberration. Note that all the parameters used in the
theoretical calculations were measured and that there are no
adjustable parameters.

VII. MIE-DEBYE SPHERICAL ABERRATION
THEORY OF OPTICAL TWEEZERS

Even though optical tweezers have been extensively used
for more than 20 years, an exact theoretical treatment has
been developed only recently.zg’30 This treatment is based on
a realistic, Debye-type representation for the strongly fo-
cused laser beam beyond the microscope objective,43 and on
Mie scattering theory for the beam interaction with the mi-
crosphere, also including spherical aberration effects. The
treatment is known as the Mie—Debye spherical aberration
theory of optical tweezers and consistently covers all regimes
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from the Rayleigh limit up to the geometrical optics limit. An
important feature of the Mie-Debye spherical aberration
theory is that it is formulated entirely in terms of the experi-
mentally accessible data, with no adjustable parameters. The
parameters that must be measured to calculate the trap stiff-
ness are the power and profile of the laser beam at the ob-
jective entrance, the numerical aperture and transmittance of
the objective, the refractive indices of the bead and medium,
and the bead radius. In Ref. 23 we discuss some techniques
to measure these parameters.

In Refs. 22 and 23 we compared the predictions of the
Mie-Debye spherical aberration theory and measurements
for oil and polystyrene beads, covering all regimes of bead
sizes. We found good agreement between theory and experi-
ment, showing that absolute calibration of optical tweezers is
possible, which is very useful to experimentalists.
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APPENDIX A: CHANGE IN VARIABLES IN THE
ABERRATION-FREE CASE

All calculations in this appendix are based on Fig. 6. We

write d in spherical coordinates as
d=(d sin 6 cos @,d sin 6 sin @,d cos 6). (A1)

We choose the plane y=0 to go through the center of the
sphere and write

7= (r sin 7,0,r cos ). (A2)

To express d as a function of r, v, 0, and ¢, we note that
ld-A=a, (A3)
which gives
d*+ r* = 2rd(sin 7y sin 6 cos @ +cos ycos 0) =a’. (A4)
The solution of Eq. Q(A4) for d gives Eq. (29). By using the
triangle formed by d, 7, and 4, we get
P =d®+d®-2ad cos a, (A5)

which leads to Eq. (28). To obtain the unit vectors Z’ and y’,

we observe that 2’ is antiparallel to d. We obtain Eq. (31)
with the help of Eq. (A1). We use the fact that the unit vector
y' is parallel to the vector 2’ X (FXZ') to derive Eq. (32).

APPENDIX B: CHANGE IN VARIABLES
CONSIDERING SPHERICAL ABERRATION

All calculations in this appendix are based on Fig. 7.
Equations (33) and (34) are obtained by the same procedure

employed in the aberration-free case. The vectors 7 and r

are related by
F-b=1r"

(B1)

which gives
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¥ =\rr +b* = 2rb cos v. (B2)
The angle y” can be obtained by taking the scalar product of
Eq. (B1) with b,

r'b cos Y' = rb cos y—b?, (B3)
which leads directly to Eq. (35).

We write b as a function of the known parameters by
observing that we can write (see Fig. 7)

L
t = B4
an ¢ h—=b—rcos(m—"y) (B4)
and
L
tan = ———————. (B5)
h—rcos(m— 1)

Equations (B4) and (B5), and Eq. (38) can be manipulated to
derive Eq. (37).
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